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Abstract
The simplest consequences of exact and broken higher-spin symmetry are studied. The
one-loop anomalous dimensions of higher-spin currents are determined from the multiplet
recombination in the spirit of the modern bootstrap programme: the Wilson-Fisher CFT
is studied both in the 4 − -expansion and in the large-N . The bulk implications are
briefly addressed: part of the higher-spin theory cubic action is reconstructed; one-loop
corrections to the AdS masses of higher-spin fields are discussed.
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1 Introduction
Wilson-Fisher CFT’s describe many second-order phase transitions in the real world: vapor-water
critical point, super-fluid λ-point, Ising model at the Curie temperature and many others. Wilson-
Fisher CFT’s remain unsolved, though they can consistently be approached by various expansion
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schemes: 4−  [1] and large-N [2–4]. Also, the numerical bootstrap programme [5] allowed to deter-
mine some of the anomalous dimensions to a very high precision [6].
With the dawn of the AdS/CFT correspondence [7–9] there had been attempts to find models
that are simpler than full string theory vs. N = 4 SYM [10, 11]. According to the Klebanov-
Polyakov conjecture [12], see also [13, 14], the large-N Wilson-Fisher CFT should be dual to the four-
dimensional higher-spin theory [15]. With the different choice of the boundary conditions the same
higher-spin (HS) theory should be dual to just a free scalar — free O(N) model. First remarkable tests
of this HS AdS/CFT duality have been performed in [16] with a precursor in [13]. Recently, the HS
AdS/CFT duality has successfully passed the one-loop tests in [17–22] and references therein/thereon.
The higher-spin theories are almost uniquely fixed by the infinite-dimensional gauge symmetries
thereof [23, 24], which come from gauging the higher-spin algebras [25]. Therefore, through the
AdS/CFT duality the Wilson-Fisher CFT should inherit higher-spin symmetries as global ones,
which can then be viewed as an infinite-dimensional extension of the conformal symmetry.
It turns out that the higher-spin (HS) symmetry works in a way that differs from its two-
dimensional cousin Virasoro. When some HS algebra is a symmetry of a CFT, which means that
there are conserved tensors ∂mJma2...as = 0 on top of the stress-tensor, one can prove that the CFT
is a free one [26–30].1 Moreover, all the correlation functions are given by the HS algebra invariants
[32, 33]. This is the case for the duality with the free O(N) model.
In Wilson-Fisher CFT the HS symmetry is broken or deformed, with the non-conservation of the
higher-spin tensors having the specific form ∂ · J = gJJ of double-trace operators, see e.g. [34–37].
In particular, in [37] it was shown that the broken higher-spin symmetry is powerful enough as to fix
all the three-point functions up to few numbers to the leading order in g.
In the present paper we extract the anomalous dimensions from the non-conservation of the
higher-spin currents to the first order in the coupling constant. To do so we need to work out the
non-conservation operators JJ and compute the correlation function thereof. There is a number
of analytical studies appeared recently [37–41] that pursue new and closely related methods. In
particular, [40] suggested to use the multiplet recombination, i.e. quantum equations of motion. In
the case of HS currents the non-conservation operator JJ recombines with the short multiplet of the
HS current Ja1...as to form a long one, which is a non-conserved current. While phenomenologically
HS currents may not be of much interest except for the few lower ones, it is the presence of an infinity
of such ’almost conserved’ HS tensors that is the signature of Wilson-Fisher CFT’s and it is these
currents that are dual to the HS fields of the HS theory in AdS. Therefore, it is important to zoom
in on this subsector of the CFT.
The outline is as follows. In Section 2 we review the case of unbroken HS symmetries and reveal
some of the simplest constraints that conserved higher-spin tensors impose on a CFT. Free boson
and fermion are considered as examples and the relevant correlation functions of the higher-spin
currents are computed. Next, in Section 3 we review the two mechanisms of HS symmetry breaking:
classical and quantum; derive the non-conservation operators for 4 −  and large-N Wilson-Fisher
1There is a number of earlier works addressing the same issue [31] from a different perspective [25].
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CFT and extract the anomalous dimensions of the HS currents. In the last Section 4 we address
several application for the AdS/CFT and the dual higher-spin theory: fix a part of the cubic action
and make a conjecture for the full answer, suggesting that the duals of the free boson and fermion
are the same in AdS4/CFT
3; discuss one-loop corrections to the AdS5−-masses of higher-spin fields.
In Appendices A and B we review basic facts about CFT correlators and Wilson-Fisher CFT’s. In
Appendix C we show how to extend the Vasiliev-type theories with the duals of higher-trace operators
to the lowest order.
2 Unbroken HS symmetry
In the present section we consider unbroken HS symmetry whose signature is the existence in a CFT
of at least one HS conserved current on top of the stress-tensor23
∂bJba(s−1)(x) = 0 , s > 2 . (2.1)
First, we review the implications of unbroken HS symmetries — the constraints imposed on a CFT
by HS currents, simplest HS Ward identities. Then, we consider free boson and free fermion as
examples of CFT’s with HS symmetries, which is aimed at collecting two- and three-point functions
needed for the study of HS breaking and for the reconstruction of the AdS/CFT duals.
2.1 Constraints by Unbroken HS symmetry
Our main assumption is the existence of at least one HS current (2.1) in a CFT, where by CFT
we mean all the usual conditions, of which the most important for us is the presence of the unique
stress-tensor.
Simplest implications of HS symmetry. For the case of the 2d minimal models the decou-
pling of a Virasoro singular vector imposed on the three-point function 〈O∆1O∆2O∆3〉 constrains ∆i.
Likewise, the decoupling of the divergence of the HS current imposed on the simplest three-point
functions results in important hints. First of all, HS currents can relate scalar operators of the same
dimension only:4
D1〈JsO∆1O∆2〉 = 0 =⇒ ∆1 = ∆2 . (2.2)
2The term HS current is a bit unfortunate in this context, because what we have is a HS conserved tensor, which
can be used to construct HS currents by contracting it with Killing tensors. We will continue loosely refer to all of
them as HS currents.
3The indices a, b, ... are those of the d-dimensional flat space where a CFT lives. A group of s totally-symmetric
indices a1...as is abbreviated as a(s).
4The structure of the two- and three-point functions in CFT and the useful technique of Thomas derivative to deal
with tensorial primaries are reviewed in Appendix A. In practice the conservation is imposed with the help of the
Thomas derivative and we denote the operator that checks the conservation of the i-th operator as Di in the index
free notation, which in components reduces to (2.1).
4
This fact is already true for the global symmetry current s = 1 and the stress-tensor s = 2, see e.g.
[42]. Secondly, the three-point function of two HS currents and one scalar operator leads to5
D1,2〈JsJs′O∆〉 = 0 =⇒ ∆ = d− 2 . (2.3)
This dramatic restriction requires a genuine HS current and is not true for the s = 1, 2 currents that
can have scalars of arbitrary dimension in the OPE. The value of d−2 suggests that O is nothing but
φ2 for a free scalar φ and the presence of a free field is not what one would expect from a nontrivial
CFT.
From OPE to HS algebra. The OPE is the basic tool to study CFT’s. For operators carrying
nontrivial tensor representations, e.g. HS currents, the OPE can be quite complicated. In general in
the OPE of two HS currents we expect to find
Js1Js2 = δs1,s2〈Js1Js2〉+
∑
Jk +O2 , (2.4)
where there is a two-point function, a sum over HS currents of different spins and, possibly, the
spin-zero J0 operator may also be present. Some other operators, collectively denoted as O2 must
also be present as the N -counting shows [12]. For example, the normal product : Js1Js2 : should
be there. For the purpose of studying the HS currents content the structure of the OPE can be
simplified by integrating over the insertion of Js1 to form a HS charge. First, one builds a set of
currents by contracting a HS conserved tensor with a conformal Killing tensor va(s−1):
jm(v) = Jma(s−1)va(s−1) , ∂ava(s−1) − traces = 0 , (2.5)
which applies to the stress-tensor as well, for which case Killing tensor becomes Killing vector. Such
currents are conserved in the usual sense of ∂mjm(v) = 0 and can be integrated to form a charge
Q(v) =
∫
dSmjm(v) . (2.6)
When applied to the OPE one gets the action of the HS charge on the HS current:
[Qs1 , Js2 ] =
∑
s
Js , (2.7)
which is nothing but the action of the HS algebra formed by Qs for all spins s present in the spectrum
on the HS currents themselves. This was the main starting point in [26]. One can make one step
further in abstracting the HS algebra — to integrate the second time, which leads to the Lie bracket
of two HS charges:
[Qs1 , Qs2 ] =
∑
Qk . (2.8)
5Here we assumed parity and we are in generic dimension. If all possible conformal structures are taken into account
it is possible to see free fermion, etc. See [43] for some 3d examples.
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The commutator has to obey the Jacobi identity and the algebra formed by Qs contains the conformal
algebra realized by the stress-tensor via Q2 and at least one genuine HS charge Qs. Then the Jacobi
identity can be solved. This was studied in [28]. The Jacobi identity is purely algebraic and does not
appeal to any local field realization of the HS currents.
The main result of studying HS algebras via the Lie bracket (2.8) or the representation theory via
(2.7) is that [26–30]: (i) there are infinitely many of HS currents/charges once at least one is present;
(ii) the correlators are those of one of the free CFT’s.
Let us note that the unitarity does not matter much for our considerations. In particular, the
presence of at least one HS current still requires all of them to be present. As an example, one can
consider free fields obeying higher order equations kφ = 0, k > 1, [44], the HS currents are still
there. In the free theory the OPE is just Wick’s theorem. The full OPE structure for some of the
free CFT’s was explicitly worked out in [45], where one can see how the action of the HS charges
leads to HS algebras via Wick’s theorem.
Simplest HS Ward Identities. Many of the results known for the case of s = 1 global symmetry
currents and s = 2 stress-tensor can be generalized to HS currents. As was discussed above the OPE
contains the complete information about HS symmetries. Let us study the simplest implications of
the HS Ward identities. The basic Ward identity in the integral form for a symmetry δv generated
by current jm(v) is
−
∫
dSm 〈jm(v)O(x1)...〉 =
∑
i
〈...δviO(xi)...〉 . (2.9)
A useful example is provided by the free scalar field φ(x) in d-dimensions. There is a lot of HS
transformations generated by various Killing tensors contracted with the same HS current. One can
consider the simplest instance given by hyper-translations δv = v
a(s−1)∂a(s−1) for va(s−1) constant.
The action of the spin-s charge on φ and φ2 are
[Qs, φ] = v
a(s−1)∂a(s−1)φ (2.10)
[Qs, φ
2] = ∂s−1φ2 + ∂s−3J2 + ...+ Js−1 (2.11)
where in the last line we just sketched the general structure, see e.g. [26]. The first formula is self-
evident since δφ = va(s−1)∂a(s−1)φ is a symmetry of the Klein-Gordon equation φ = 0 for va(s−1)
constant. It is also the symmetry of the action 1
2
∫
(∂φ)2.
Contrary to the spin-two and spin-one charges the action of the HS charges may involve an
infinite number of fields. Indeed, the global symmetry or the conformal symmetry slices the totality
of fields into irreducible representations of a given symmetry. The HS algebra is infinite-dimensional.
Its smallest representations are the identity and the free field φ itself, which plays the role of the
fundamental one. Other representations are given by tensor powers of φ and decompose into infinite
number of conformal fields. The simplest case is the tensor square φ ⊗ φ and the Flato-Fronsdal
6
theorem [46] tells that it decomposes into all HS currents J0 ⊕ J2 ⊕ J4 ⊕ ... with J0 = φ2 being the
first degenerate member.6
When applied to three-point functions 〈JsOO〉 the Ward identity (2.9) relates them to two-point
functions 〈OO〉, which allows to fix the coupling constants. Indeed, the three-point function of a HS
current and a weight-∆ scalar operator O∆ is fixed by conformal symmetry up to a number gs00, the
coupling constant:
〈JsO∆O∆〉 = gs00〈JsO∆O∆〉 , (2.12)
where we introduce the standard conformal structure:
〈JsO∆O∆〉 = (Q · ξ)s
(
x223
x212x
2
13
) d−2
2 1
(x223)
∆
. (2.13)
Here, ξa is light-like auxiliary vector that projects out traces, see Appendix A, and the correlator is
factorized via the conformally-covariant vector
Qa =
(
xa21
x221
− x
a
31
x231
)
. (2.14)
Likewise, the two-point function 〈O∆O∆〉 is fixed up to a number COO to be the standard conformal
structure:
〈O∆(x1)O∆(x2)〉 = COO〈O∆O∆〉 , 〈O∆O∆〉 = 1
(x212)
∆
. (2.15)
Couplings gs00 are related in a simple way to the OPE coefficients of Js in the OO OPE. In order to
fix the coupling constants gs00 we can consider the simplest Ward identity for the hyper-translations.
By integrating over a small ball around the insertion of the first operator, which is conveniently
placed at y = 0, we should get:7
ξa...ξa
∫
∂m〈Jma(s−1)O∆(0)O∆(z)〉 = ξa...ξa∂ya ...∂ya〈O∆(y)O∆(z)〉
∣∣
y=0
. (2.16)
The right-hand side is simple while the integral can be done by replacing the correlation function by
its actual value with a unit coefficient in front of the standard structure:
ξa...ξa
∫
∂m〈Jma(s−1)O∆(0)O∆(z)〉 = Sdfs(ξ · z)s−1 1
(z2)∆+s−1
, (2.17)
ξa...ξa∂ya ...∂
y
a〈O∆(y)O∆(z)〉
∣∣
y=0
=
2s−1Γ[∆ + s− 1]
Γ[∆]
(ξ · z)s−1 1
(z2)∆+s−1
, (2.18)
fs =
2d+2s−4Γ
(
d
2
)
Γ
(
d−3
2
+ s
)
√
pi(d+ 2s− 4)Γ(s)Γ(d+ s− 3) , (2.19)
6The Flato-Fronsdal theorem was generalized to any d in [47].
7The integral form of the Ward identity is easier to work with since the integrals are well-defined. In the differential
form of the Ward identities one has to regularize the otherwise ill-defined distributions. For example, one can allow
one of the fields to have an infinitesimal anomalous dimension or directly apply differential regularization.
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where Sd is the area of the d-dimensional sphere, Sd = 2pi
d
2/Γ[d
2
]. Now we can express all the cubic
couplings gs00 in terms of the two-point normalization factor COO:
gs00 =
COO
SdFs
, Fs =
fsΓ[∆]
2s−1Γ[∆ + s− 1] . (2.20)
In the case of s = 1, 2 the above formula boils down to the well-known, see e.g. [48], relations
g100 =
COO
Sd
, g200 =
COOd∆
(d− 1)Sd . (2.21)
For example, for the free 3d scalar and fermion — weight-one φ2 and weight-two ψ¯ψ scalar operators
coupled to HS currents of even spins — we find
∆ = 1 : gs00 = COO2
1−s(2s− 1)Γ(s)2 , (2.22)
∆ = 2 : gs00 = COO2
1−s(2s− 1)Γ(s)2s , (2.23)
the ratio being 1/s. Let us note that the Ward identity for the HS symmetry we studied above is the
simplest one. There are Ward identities with more than one HS currents, which allows to uncover
the full HS algebra, as was done in [26] for the 3d case.
HS Invariants. Since many of the coefficients depend on the way the two- and three-point functions
are normalized it is important to pass to invariants. For example, the normalization of the two-point
functions is arbitrary unless it is a global symmetry current or the stress-tensor, whose normalization
is fixed by the Ward identities and contain important information, which is called central charges.
There is only one invariant that is relevant for 〈JsJ0J0〉:
Is00 =
〈JsJ0J0〉2
〈JsJs〉〈J0J0〉2 , (2.24)
where it is assumed that some standard representatives of the correlation functions are chosen, e.g.
(2.15), (2.13) and we take the ratio of the factors multiplying those. In terms of the HS algebra
structure constants fs1,s2,s3 and the invariant metric gs1,s2 ∼ δs1,s2 defined by the three- and two-
point functions, respectively, the ratio above corresponds to f 2s00g
ssg00g00. In case of the free O(N)
boson/fermion this invariant scales as N−1 with N , as will be shown below.
HS central charges. In a given CFT one might have to rescale the operators as to have the
Ward identities satisfied with the canonical normalization. This can be done by replacing Js with
Jsλs where λs = COO/(FsSdgs00). As a result the Ward identities look canonical, but the two-point
function of the HS currents gets rescaled and is expressed in terms of the invariant:
Css =
1
Is00F 2s S
2
d
. (2.25)
The HS central charges [49] can be defined by analogy with the global symmetry and the stress-tensor
central charges as:
〈JsJs〉 = CJ,s
S2d
(P12)
s
(x212)
d+s−2 , CJ,s =
1
I2s00F
2
s
, (2.26)
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where P12 is the unique two-point conformally-covariant structure
P12 = ξ
1
aξ
2
b
(
δab − 2x
a
12x
b
12
x212
)
. (2.27)
CJ,s scales as N in the free vector models. Since the HS symmetries are present in free CFT’s
only, the HS central charges may play a less fundamental role and we use them to encode the same
information as the invariants (2.24) provided some standard normalization is chosen.
2.2 Free Boson
In O(N) vector models the fundamental field is an O(N) vector, the spin field φi(x), i = 1, ..., N . If
the model is the free one or the interacting one taken at the strict N → ∞ limit, there is a set of
conserved HS currents. The expressions for the HS currents have been obtained a countable number
of times in the literature, see e.g. [50], but let us construct them once again by reiterating the method
of [50]. The most general distribution of derivatives over the two fields can be obtained via
J ij(x, ξ) = F (ξ · ∂1, ξ · ∂2) : φi(x1)φj(x2) :
∣∣∣
x1=x2=x
, (2.28)
where we again prefer to hide all indices away by contracting them with an auxiliary vector ξa. It
can be rewritten by stripping off the center of mass coordinates as
F (u, v) =
∑
s
(u+ v)sFs
(
u− v
u+ v
)
. (2.29)
The HS currents are primaries and hence are traceless, which is taken into account by the light-like
polarization vector ξa, ξ · ξ = 0. As a consequence, the conservation has to be imposed with the
help of the Thomas operator, see Appendix A. The solution to the conservation constraint is rather
simple (ν = (d− 3)/2):
F (t, w) = (1− 2wt+ t2)−ν , F (t, w) =
∑
s
Fs(w)t
s , (2.30)
and, as is well-known, yields Gegenbauer polynomials, Fs(w) = C
ν
s (w). Therefore, the generating
function of all the HS currents is
J ij(x, ξ) =
(
1− 2(∂1 − ∂2)(∂1 + ∂2) + (∂1 + ∂2)2
)−ν
: φi(x1)φ
j(x2) :
∣∣∣
x1=x2=x
, (2.31)
where we abbreviated ∂i = ξ · ∂i.
In general HS currents carry a rank-two reducible representation of O(N) and can be decomposed
into three irreducible components:
J ij = J + J +
1
N
J• ,
J =
1
2
(J ij + J ji)− 1
N
δijδknJ
kn ,
J =
1
2
(J ij − J ji) ,
J• = δknJkn .
(2.32)
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The behavior of the three components at the quantum level is quite different. The singlet sector,
which the stress-tensor belongs to, is important for AdS/CFT.
In what follows we will need two- and three-point functions, which can be computed by simple
Wick contractions of the spin field φi. The canonically normalized two-point function of φi is
〈φi(x1)φj(x2)〉 = δij Γ[d/2− 1]
4pid/2(x212)
d/2−1 =
δij
4pid/2
∫
dααd/2−2e−αx
2
12 , (2.33)
where the latter expression is the most useful one as it allows to replace complicated tensor structures
resulting from derivatives of the spin field with polynomials in the Schwinger parameters.
The two-point function 〈JsJs〉 can be straightforwardly evaluated with the orthogonality relation
〈Js1Js2〉 ∼ δs1,s2 boiling down to that of Gegenbauer polynomials:
〈J ijs Jkls 〉 = [δikδjl + (−)sδilδjk]Cs × 〈JsJs〉 , (2.34)
Cj =
pi2−2d+j+8Γ(d+ j − 3)Γ(d+ 2j − 2)
(4pid/2)
2
j!(d+ 2j − 3)Γ (d
2
− 3
2
)2 , (2.35)
where we singled out the two-point structure with a unit coefficient
〈JsJs〉 = (P12)
s
(x212)
d+s−2 , (2.36)
which plays the role of the standard one. The two-point function can be projected onto the three
irreducible O(N)-structures as:
〈J•sJ•s 〉 = N [1 + (−)s]Cs〈JsJs〉 , (2.37)
〈Js Js 〉 =
1
2
(δikδjl − δilδjk)[1− (−)s]Cs〈JsJs〉 , (2.38)
〈Js Js 〉 =
1
2
(δikδjl + δilδjk − 2
N
δijδkl)Cs[1 + (−)s]〈JsJs〉 . (2.39)
The two-point function of singlets scales as N and the anti-symmetric currents are nontrivial for odd
spins while the singlet and symmetric currents are so for even spins. Analogously, the three-point
functions can be found to be normalized as
〈J ijs J0J0〉 = 4δij[1 + (−)s]CsOO × 〈JsOd−2Od−2〉 , (2.40)
CsOO = pi
− 3d
2 2s−6Γ
(
d
2
− 1
)2
Γ
(
d
2
+ s− 1
)
, (2.41)
where 4 is because of the Wick contractions and we split off the standard conformal structure (2.13).
The three-point function of the spin field with the HS current is
〈J ijs φkφl〉 = [δikδjl + (−)sδilδjk]Csφφ × 〈JsOd−2
2
Od−2
2
〉 , (2.42)
Csφφ =
pi−d2s−4Γ
(
d
2
− 1)Γ (d
2
+ s− 1)Γ(d+ s− 3)
s!Γ(d− 3) . (2.43)
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The invariant (2.24) built of the single-trace correlation functions (2.37) is
Is00 =
√
pi2−d−s+7Γ
(
d
2
+ s− 1)Γ(d+ s− 3)
NΓ
(
d
2
− 1)2 Γ(s+ 1)Γ (d−3
2
+ s
) (2.44)
and can also be extracted from [51]. It is Is00 that has to be reproduced by the dual HS theory
upon plugging boundary-to-bulk propagators into the cubic vertices as will be discussed in Section
4. Combining the invariant with the discussion above we see that the HS central charge is
CJ,s =
√
piN2−d−s+3Γ(s)2Γ(s+ 1)Γ
(
d
2
+ s− 1)Γ(d+ s− 3)
Γ
(
d
2
)2
Γ
(
d−3
2
+ s
) , (2.45)
where the formula works by construction for even spins. This formula agrees with the s = 2 case,
for which it gives the well-known [48]
CT =
dN
d− 1 . (2.46)
2.3 Free Fermion
As in any free CFT there are HS currents in the free fermion model too. The same idea as in the
scalar case leads to
J ij (x, ξ) = F (ξ · ∂1, ξ · ∂2) : ψ¯i(x1)(γ · ξ)ψj(x2) :
∣∣∣
x1=x2=x
, (2.47)
where i, j = 1, ..N˜ are the U(N˜) indices and
F (u, v) =
∑
s
(u+ v)s−1Fs
(
u− v
u+ v
)
. (2.48)
The solution is again given by Gegenbauer polynomials with a bit different parameters (ν = d−3
2
):8
F (t, w) = t(1− 2wt+ t2)−ν−1 , F (t, w) =
∑
s
Fs(w)t
s . (2.49)
In other words, Fs(w) = C
ν+1
s−1 (w) and
J ij (x, ξ) = (∂1 + ∂2)
(
1− 2(∂1 − ∂2)(∂1 + ∂2) + (∂1 + ∂2)2
)−ν−1
: ψ¯i(x1)(γ · ξ)ψj(x2) :
∣∣∣
x1=x2=x
.
The two-point function of ψi differs from that of the scalar field by an extra /∂ = γ · ∂:
〈ψj(x1)ψ¯i(x2)〉 = −δij
1
Sd
/x
(x212)
d/2
= δij/∂
Γ[d
2
− 1]
4pid/2(x212)
d/2−1 = /∂
δij
4pid/2
∫
dααd/2−2e−αx
2
12 . (2.50)
A new interesting feature is that the HS currents can have more complicated symmetry types, [47,
53, 54]. Namely, we can replace (γ · ξ) with γu[q−1]vξv where γu[q] is the anti-symmetrized product of
8In [52] another presentation for the HS currents was found, which up to an overall coefficient can be obtained by
Taylor expanding the Gegenbauer polynomial.
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γ-matrices and an additional projector is needed to make the currents Young-irreducible, i.e. quasi-
primary. We will not consider such currents, restricting to the totally-symmetric ones, which are
present in any free CFT.
The two-point function of the HS currents can be computed in full analogy to the free boson case.
The U(N˜)-decomposition can easily be worked out and we record for the future just the normalization
of the singlet HS currents:
〈J•sJ•s 〉 = NCs〈JsJs〉 , (2.51)
Cj =
(−)jpi1−d2−2d+j+1Γ(d+ j − 2)Γ(d+ 2j − 3)
Γ
(
d−1
2
)2
Γ(j)
. (2.52)
where N = N˜tr1 is the total number of fermions. The non-singlet currents have an obvious tensor
structure and tr1 instead of N . Note that (−)j is exactly what one needs for the reflection positivity,
but it would be better to introduce is into the currents. A word of warning is that the lowest singlet
O = J0 = ψ¯ψ cannot be obtained from Js at s = 0, but since the three-point function 〈OOO〉 = 0
we can ignore this case. After rescaling the generating function appropriately, this result matches
the one in [52], which was obtained by difficult resummation. Also, the three-point function is of
interest
〈JsJ0J0〉 = 2NCsOO × 〈JsOd−1Od−1〉 , (2.53)
CjOO =
pi−
3d
2 2j−4Γ
(
d
2
)2
Γ
(
d
2
+ j − 1)Γ(d+ j − 2)
Γ(d− 1)Γ(j) , (2.54)
since it determines the coupling constants. It vanishes for odd spins, which is implicit in the formula.
In AdS4/CFT3 duality the free boson and fermion have the same dual, in particular the HS algebras
are the same [28, 55]. The invariant Is00 is
Is00 =
√
pi(−)s2−d−s+5Γ (d
2
+ s− 1)Γ(d+ s− 2)
NΓ
(
d
2
)2
Γ(s)Γ
(
d−3
2
+ s
) (2.55)
and differs by s(d + s − 3)/(d − 2)2 from that of the free boson. We will see in Section 4 how this
difference is compensated by changing the boundary conditions from free boson ∆ = 1 to free fermion
∆ = 2 for the AdS duals of O = φ2, ψ¯ψ.
2.4 HS singletons
Lastly, we note that the generalization of the above formulae to the conformal fields with higher spin
is obvious, see also [50]. For example, in the case of the n = (d− 2)/2-forms Aa[n] in even dimension,
of which 4d Maxwell field Am is a particular case, we find that the totally-symmetric HS currents
J = F (ξ · ∂1, ξ · ∂2) ξaξa : Gab[n](x1)Gab[n] (x2) :
∣∣∣
x1=x2=x
(2.56)
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are generated by Cν+2j−2 (w). Here Ga[n+1] = ∂aAa[n] + permutations is the totally anti-symmetric field-
strength. Similarly, the HS singletons [56] can be taken into account, the currents being constructed
by F = Cν+2sj−2s (w)
J = F (ξ · ∂1, ξ · ∂2) ξa(2s) : Ga(s),b[n](s)(x1)Ga(s)b[n](s) (x2) :
∣∣∣
x1=x2=x
, (2.57)
where Ga(s)[n+1] is the field-strength that has the symmetry of the rectangular s × n + 1 Young
diagram. As is known, see [57] for the explicit construction in 4d, the lowest spin for the conserved
tensor built out of a spin-s conformal field is 2s, which is also clear from the index of the Gegenbauer
polynomial here-above.
3 HS symmetry breaking
In this section we discuss two possible ways to break HS symmetries: classical and quantum, which
are realized in the theories of Yang-Mills and Wilson-Fisher type.9 Then, we scrutinize the quantum
breaking and study rather general implications of the conformal symmetry and quantum equations of
motion for HS currents. The non-conservation operators for Wilson-Fisher CFT in 4−  and large-N
are derived and used to extract the anomalous dimensions of the HS currents at the first non-trivial
order in the coupling constant. In Appendix B we collected basic facts about the models studied in
the main part.
3.1 Classical and Quantum Breaking
There are at least two mechanisms to break HS symmetries known. Due to AdS/CFT each way of
breaking has both CFT and AdS interpretation. When the HS symmetry is exact the conservation
of a HS current in a free CFTd is dual to the gauge transformations for the Fronsdal field [58] in
AdSd+1:
10
∂mJma(s−1) = 0 ⇐⇒ δΦm(s) = ∇mξm(s−1) +O(z,Φξ) . (3.1)
This is true near the boundary. When the bulk field departs from the AdS boundary at z = 0
interactions switch on and the free gauge symmetries get deformed by the terms of the form Φξ (like
in Yang-Mills and gravity) and more complicated and nonlinear ones (as different from Yang-Mills
and gravity). The duals of the free CFT’s are HS theories as was discussed in [10–12, 59]. HS theories
should gauge the HS algebra of a given free CFT, but at present only the dual of the free boson is
known in any AdSd+1 [60] and the dual of the free fermion is available in AdS4 thanks to the already
mentioned coincidence that the HS algebra of the free boson is identical to that of the free fermion in
3d. The same HS theories can be the duals of interacting CFT’s by changing the boundary conditions
within the unitarity window [12–14].
9This is how we distinguish between classical and quantum. It will be clear that the definitions are well-defined in
a more broad sense when a CFT is weakly-coupled.
10The indices m,n, ... = 0, ..., d are the indices of AdSd+1 tensors.
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When HS symmetry is broken the conservation of the HS currents is replaced by non-conservation,
the structure being dependent on the mechanism of breaking. Accordingly, the dual bulk fields have
to acquire a mass, which can be done classically [61] and then followed by radiative corrections or
immediately via loops [34].
Classical, BEH. One can think of a HS generalization of the usual Brout-Engler-Higgs mechanism
— a massless vector boson swallows the Goldstone scalar which makes the right number of degrees of
freedom to become a massive vector. In the case of the original particle being a massless spin s > 1
field in AdSd+1 the correct partner is a massive spin-(s− 1) field of mass M2 = (d+ s− 2)(s− 1) in
the units of the cosmological constant.
The field realization of the HS BEH mechanism is nicely incorporated into the Lagrangian de-
scription of massive HS fields proposed by Zinoviev [62]. The idea is to take the sum of the Fronsdal
Lagrangians for j = 0, 1, ..., s, which has the right total number of degrees of freedom to describe
a single massive spin-s field. All possible mixings and mass-like terms are then added to make the
Lagrangian irreducible, as well as the gauge transformations δΦj = ∇ξj are appended with the gauge
parameters of fields with neighboring spins:
Ls,m2 =
j=s∑
j=0
Lj +
∑
j
[
Φj∇Φj−1 +m2jΦ2j
]
, δΦj = ∇ξj + ξj+1 + ηξj−1 , (3.2)
where η is the AdS metric. The gauge invariance fixes all the free coefficients in terms of a single
constant, which can be identified with the mass. At the special point where the AdS-mass is that of
the spin-s massless field the Lagrangian splits into two parts: the Fronsdal one for a spin-s massless
field and the Lagrangian for a massive spin-(s− 1) field with mass M2:
Ls,m2
∣∣∣
m2=(d+s−2)(s−2)−s
= Ls + Ls−1,M2 . (3.3)
On the CFT side, the HS current non-conservation is determined by some single-trace operator
present in the theory:
DJ = gO1 . (3.4)
A good example is Yang-Mills theory. At the zero coupling it has a HS symmetry manifested by
Js = tr[A∂
sA] = tr[F∂s−2F ]. When the interactions are switched on, the currents are no longer
conserved DJs = g tr[A∂s−1A2] +O(g2) = g tr[F∂s−2FA] +O(g2). This type of breaking was studied
in the case of N = 4 SYM in [31, 63–65].
Quantum, GPZ. The second mechanism can be called the quantum breaking [34, 37]. On the
CFT side the non-conservation is governed by double- and/or triple-trace operators built out of the
HS currents J themselves:
DJ = gJJ possibly plus g2JJJ . (3.5)
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This equation is true not only in perturbation theory where the operators renormalize order by order,
but at the full quantum level. The simplest consequences of this non-conservation condition we will
explore below. It is not clear what should happen in the bulk. In [34] it was proposed that the
HS fields acquire the mass via loops, which results in a jump in the number of physical degrees of
freedom. A delicate UV/IR interplay is required and to see how this is realized on the AdS side is
an open problem.
3.2 Insertions of Equations of Motion
In this Section we insert the equations of motion into various correlation functions to read off the
relations between the CFT data. The main idea is to take advantage of the conformal symmetry
when extracting information from the non-conservation of the HS currents. While the HS currents
are exactly conserved in the free CFT or at N = ∞ in Wilson-Fisher CFT, apart from N = ∞ the
short multiplets of HS currents recombine with the long multiplets formed by double- and triple-trace
operators as to form long multiplets, which is what (3.5) describes. This phenomenon originates from
the recombination of φ itself, whose structure depends on the quantum equations of motion [40]. We
do not consider all possible correlation functions that can be of interest, but only those that talk to
the anomalous HS currents.
3.2.1 Anomalous Two-Point Function of Scalar Field
The simplest case is to consider the two-point function of the spin field [40]:
〈φiφj〉 = δij Cφφ
(x212)
∆φ
, (3.6)
where ∆φ = d/2 − 1 + γφ. Then we impose the equations of motion abstractly, without having to
specify the composite operator that becomes the descendant φ:
12〈φφ〉 = 4γφ(γφ + 1)(2γφ + d− 2)(2γφ + d) Cφφ
(x212)
∆φ+2
. (3.7)
Another way to compute the same is to drag  inside the correlator and replace it with the composite
operator it is supposed to recombine with. This depends on the model. In the large-N Wilson-Fisher
φi = g?σφi and via the Wick theorem we can get to the lowest order:
12〈φiφj〉 = g2?〈(σφi)(σφj)〉 = δijg2?
CσσCφφ
(x212)
∆φ+2
, (3.8)
where there is a critical coupling g? and the σ-field two-point function normalization Cσσ. Therefore,
to the lowest order in perturbation theory we find a relation between the three quantities:
Cσσg
2
? = 4d(d− 2)γφ . (3.9)
This relation is indeed true as can be seen from Appendix B. One more example is the φ36-theory
where φ = g?φ2. It is formally the same as (3.9) where d = 6 and σ = φ. Analogously, in the 4− 
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Wilson-Fisher case we have φi = g?φi(φ)2 and
12〈φiφj〉 = g2?〈(φiφ2)(φjφ2))〉 = δij2(N + 2)g2?
C2φφ
(x212)
3∆φ
, (3.10)
which results in
γφ =
(N + 2)g2?
256pi4
. (3.11)
In practice it is convenient to measure the anomalous dimensions of composite operators in terms of
that of φ rather than less physically interesting quantities like Cσσ and g?. Eq. (3.9), (3.11) allows
us to do so since it is Cσσg
2
? that shows up in the formulas. The insertions of equations of motion
was successfully applied recently in [40, 66, 67].
3.2.2 Anomalous Two-Point Function of HS Currents
Interactions can break the HS symmetry and, as a result, the HS currents are no longer conserved
and develop an anomalous dimension γ = γs
〈Js(x1, ξ1)Js(x2, ξ2)〉 = CJ,s
µ2γ(x212)
d+s−2+γ (P12)
s , (3.12)
where CJ,s is the spin-s central charge and µ is the renormalization scale to compensate for the
anomalous dimension γ, which we drop in what follows.
The main idea of the Anselmi’s trick [31] is that one can check the conservation of the anomalous
HS current inside the two-point function in two different ways. First of all, one can take double-
divergence of the two-point function as a whole, i.e. to check the conservation of (3.12), the result
being proportional to the anomalous dimension. Secondly, one can drag the double-divergence inside
the two-point function, i.e. replace DJ with its expression in a given theory. This can be written as
〈D1Js(x1)D2Js(x2)〉 = D1D2〈Js(x1)Js(x2)〉 . (3.13)
The identity above becomes a source of nontrivial information when the two sides can be computed
independently. For example, the non-conservation is governed by some small parameter g?:
DJs = g?Ks . (3.14)
Then, the left-hand side of (3.13) is proportional to (g?)
2, while the right-hand side can be explicitly
evaluated from (3.12). One observes that the anomalous dimension is by (g?)
2 closer than before —
one needs to evaluate 〈KK〉 and 〈JJ〉 to n loops in order to determine the anomalous dimension
at loop order n + 1. In particular, it is enough to work with an almost ’classical’ theory in order
to find anomalous dimensions to the one-loop order. One more advantage of the method is that it
allows to treat by the same means different theories in diverse dimensions that are originally studied
by distinct methods. Let us compute the right-hand side of (3.13) by taking the divergence at both
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the insertions (h = d/2):
D1D2〈Js(x1)Js(x2)〉 = (P12)
s−2
(x212)
d+s−1+γ
[
P12a(γ) + P˜12b(γ)
]
, (3.15)
a(γ) = 2γs(h+ s− 2) (2h2 + 2γ(h+ s− 2) + 3hs− 5h+ s2 − 4s+ 3) , (3.16)
b(γ) = −2γ2(s− 1)s(h+ s− 3)(h+ s− 2) , (3.17)
where there is an additional conformal structure
P˜12 = 2
(x12 · ξ1)(x12 · ξ2)
x212
. (3.18)
The HS current is a primary operator by definition, but this is not the case for its divergence, which
is a typical descendant. The new structure P˜12 appears since the two-point functions of descendants
are more complicated. When the anomalous dimension γ vanishes the divergence becomes a primary
operator that decouples and in this case the HS current is exactly conserved, which explains the
factors of γ and γ2 in front of the usual conformal structure P12 and the unusual one P˜12.
Since the space-time dependence of (3.15) is fixed, it is convenient to take it at x1 = x, x2 = 0,
ξ1 = ξ2 = ξ, which results in [65]
D1D2〈Js(x1)Js(0)〉 =
(−2(ξ · x)2
x2
)s−1
1
(x2)d+s−1+γ
c(γ) , (3.19)
c(γ) = 2γs(h+ s− 2)(γ(hs+ h+ (s− 2)s− 1) + (h+ s− 1)(2h+ s− 3)) . (3.20)
Therefore, to the lowest order we find
c(γ) = γc1 +O(γ
2) , c1 =
1
2
s(d+ s− 3)(d+ 2s− 4)(d+ 2s− 2) . (3.21)
The two-point function of K has the same space-time dependence and is defined by a number CK,s
〈Ks(x1)Ks(x2)〉 = CK,s
(−2(ξ · x)2
x2
)s−1
1
(x2)d+s−1+γ
. (3.22)
Finally, the equation (3.13) for the anomalous dimension to the lowest order is
g2?
CK,s
CJ,s
= c(γ) = g2?c1γ1 + higher orders , (3.23)
where in the last expression we assume that the anomalous dimension is expanded as γ = g2?γ1 + ....
Next, we will derive K for a number of models and compute γ1.
3.3 Non-conservation of HS Currents
Below, we give the explicit form of the composite operators responsible for the non-conservation of
HS currents in some bosonic models that are described in Appendix B in more detail.
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General Formulae. The HS currents are no longer conserved in the interacting vector model, the
non-conservation having the form of double-trace operators for the bosonic models:
DJ = gJJ . (3.24)
Explicitly, using the generating function (2.28) we find:
DJs(x, ξ) = (ξ · ∂1 + ξ · ∂2)s−1
[
f1(u)1φ(x1)iφj(x2) + f2(u)φ(x1)i2φj(x2)
] ∣∣∣
x1=x2=x
, (3.25)
where u = (ξ · ∂1 − ξ · ∂2)/(ξ · ∂1 + ξ · ∂2) and the ∂1 · ∂2-terms vanish because J was designed as
to ensure DJ(x, ξ) = 0 whenever 1,2 = 0. The expression in the square bracket can be worked out
without using the explicit form of the quantum equations of motion. It can be simplified with the
help of the recurrence relations that the Gegenbauer polynomials obey with the result:11
K = f1(x) + f2(y) ,
f1(x) = +4ν(ν + 1)(x− 1)C(ν+2)s−2 (x) + ν(2ν + 1)C(ν+1)s−1 (x) ,
f2(y) = −4ν(ν + 1)(y + 1)C(ν+2)s−2 (y)− ν(2ν + 1)C(ν+1)s−1 (y) ,
(3.26)
and the variables x and y point split the equations of motion of interest. Note that K(x, y) inherits
the symmetry of the original currents under the permutation of the arguments, i.e. K(−y,−x) =
(−)jK(x, y) and f2(−x) is (−)sf1(x).
Large-N . For the sigma model the source is bilinear:
φi = g?φiσ . (3.27)
Here the double-trace operator Ks measuring the non-conservation is:
Ks = DJs(x, ξ) = g?(ξ · ∂1 + ξ · ∂2 + ξ · ∂3)s−1Ks(x, y)φi(x1)φj(x2)σ(x3)
∣∣∣
xi=x
,
where
x =
ξ · ∂1 − ξ · ∂2 + ξ · ∂3
ξ · ∂1 + ξ · ∂2 + ξ · ∂3 , y =
ξ · ∂1 − ξ · ∂2 − ξ · ∂3
ξ · ∂1 + ξ · ∂2 + ξ · ∂3 . (3.28)
The same expression works fine for the 6d φ3-theory with the understanding that σ is one of the
φ fields whose two-point function is that of the free scalar field to the lowest order, while for the
large-N vector model G−1σ = −12G2φ.
The form of the non-conservation operator just obtained is sufficient to do computations, but
it is also instructive to derive the decomposition in terms of composite operators JJ built of the
single-trace operators:
DJs = g?
∑
a+c<s
fa,c ∂
aJs−1−a−c ∂cσ . (3.29)
11These formulae agree for d = 6 with [65].
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Directly re-expanding the generating function K we find (recall that ν = (d− 3)/2)
fa,c = −2(a+ c+ 1)!(a+ c− ν − s+ 1)(a+ 2c+ 1− 2(s+ ν))!
a!c!(c+ 1)!(a+ c− 2(s+ ν))! . (3.30)
Eq. (3.29) is helpful in evaluating the two-point function 〈KK〉 as it diagonalizes J and σ. For the
case of the spin-four non-conservation operator we find f1,0/f0,1|s=4 = −2/5 as in [35, 37]:
DJ4 ∼ J2 ∂σ − 2
5
∂J2 σ . (3.31)
The main source of the HS symmetry breaking in [35, 37] was the violation of parity coming from
the Chern-Simons coupling. Note that the formulae derived above apply strictly speaking only to
the case of non-singlet currents as for the singlet ones it yields the terms of the form J0σ and there
is no φ2 operator, but there is φiφj, i 6= j.
Wilson-Fisher 4− . For the Wilson-Fisher model in 4−  the source is trilinear:
φi = g?φiφ2 , (3.32)
which leads to
Ks = DJs(x, ξ) = g?
(
4∑
k=1
ξ · ∂k
)s−1
Ks(x, y)φ
i(x1)φ
j(x2)φ
k(x3)φk(x4)
∣∣∣
xi=x
, (3.33)
where K(x, y) is the same function as before, but the arguments have to be changed to
x =
ξ · ∂1 − ξ · ∂2 + ξ · ∂3 + ξ · ∂4
ξ · ∂1 + ξ · ∂2 + ξ · ∂3 + ξ · ∂4 , y =
ξ · ∂1 − ξ · ∂2 − ξ · ∂3 − ξ · ∂4
ξ · ∂1 + ξ · ∂2 + ξ · ∂3 + ξ · ∂4 . (3.34)
Again one can diagonalize the non-conservation operator and represent it as JJ :
DJ ijs =
∑
a+c+s′=s−1
As
′
a,c ∂
aJ ijs′ ∂
cJ0 , (3.35)
where the second factor is always J0 = φ
2 and the coefficients are
Asa,c =
2(−1)a(ν + s)(a+ c+ 1)!(a+ c+ 2ν + 2s+ 1)!
a!c!(c+ 1)!(a+ 2(ν + s))!
. (3.36)
Asa,c vanishes whenever a + c is even. For example, the non-conservation operator for the spin-two
current
DJ ij2 = a1∂J
ij
0 J0 + a2J
ij
0 ∂J0 , a1 = −8ν(ν + 1) , a2 = 4ν(ν + 1)(2ν + 1) , (3.37)
is non-trivial for the non-singlet sector, but vanishes for the singlet one at d = 4 since a2 = −a1 = 6
for ν = 1
2
, i.e. the traceless stress-tensor is conserved as expected.12
12There is, of course, a conserved stress-tensor for any d in the φ4 theory, but it is not traceless and the traceless
one is conserved only in d = 4.
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3.4 Anomalous Dimensions
Below we combine the formulae for the non-conservation of the HS currents derived in the previous
Section with the Wick theorem as to get the anomalous dimensions γs of the HS currents to the
one-loop order. The main formula is (3.23), where CJ,s was computed in Section 2. In addition (3.9)
and (3.11) allows us to express γs in the units of γφ. The only missing ingredient is CK,s, i.e. the
two-point functions 〈KK〉.
3.4.1 4− 
To determine the anomalous dimension of the non-singlet currents we need to compute two contri-
butions — two distinct Wick contractions:
〈K12K12〉 = 2N〈1234〉+ 8〈1324〉 , (3.38)
where we indicated the N factors explicitly as well as the permutation of the φ’s in (3.33). Also, we
took only the K12 component as a generic non-singlet. The correlator 〈KjKj〉 is expected to have
the form
Iσ = CK,j
[−2(ξ · x)2]j−1
(x2)2d+2j−6
, (3.39)
which should be applied to the d = 4 case. The prefactor splits as
CK,j =
C4φφν
22j−1Γ[2d+ 2j − 6]
Γ[d/2− 1]4 × I , (3.40)
where Cφφ is the φ two-point function normalization (2.33) and I is the integral over the Schwinger
parameters that depends on the permutation. We only need:
I1234 =
(j − 1)j(j + 1)(j + 2)
2j + 1
, I2314 =
j(j + 1) ((−)j(j2 + j − 4)− 2)
2(2j + 1)
, (3.41)
I1324 = I3214 = (−)jI2314 , I3412 = −2 ((−)
j + 1) j(j + 1)
2j + 1
. (3.42)
One has to distinguish between odd and even spins. The relation (3.11) between the coupling constant
g2? and anomalous dimension of the spin field γφ allows us to express everything in the units of γφ:
γ = 2γφ
(
1− 2(N + 6)
(N + 2)s(s+ 1)
)
, (3.43)
γ = 2γφ
(
1− 2
s(s+ 1)
)
, (3.44)
where the only difference between the two cases comes from whether the current has even or odd
spin. This is the correct formula that dates back to Wilson and Kogut [68], see also [69] for the more
clean decomposition into O(N) irreducible structures and higher orders. Note that (3.44) vanishes
for s = 1 since it is the global O(N)-symmetry current. For the singlet HS currents we find the
similar permutations but with different prefactors:
〈K•K•〉 ∼ 4N2〈1234〉+ 16N〈2314〉+ 4N2〈3412〉 , (3.45)
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which again leads to Wilson and Kogut:
γ = 2γφ
(
1− 6
s(s+ 1)
)
. (3.46)
The anomalous dimension vanishes for the stress-tensor s = 2, as is expected.
3.4.2 Large-N
In the case of the large-N expansion first of all we strip off the trivial factors from 〈KK〉:
〈KjKj〉 = CK,j [−2(ξ · x)
2]j−1
(x2)d+2j−2
. (3.47)
After simple manipulations we find (∆φ = d/2− 1, ∆σ = 2)
CK,j = ν
2
C2φφCσσ
Γ[∆φ]2Γ[∆σ]
Γ[d+ 2j + ∆σ − 4]2j−d−∆σ+2 × I , (3.48)
where I is the integral over the Schwinger parameters:
I
∣∣∣
∆σ=2
=
32
√
pi(d− 1)Γ (d
2
− 1)Γ(d+ s− 1)
(d+ 2s− 3)Γ (d−1
2
)
Γ(d+ 1)Γ(s− 1) . (3.49)
Using (3.9) we can write the anomalous dimensions as a multiple of γφ:
γs = γφ
8(s− 1)(d+ s− 2)
(d+ 2s− 4)(d+ 2s− 2) , (3.50)
which is in accordance with Lang and Ruhl [4]. This formula gives γs for odd s and γs for even s.
The same formula is applicable to the large-N expansion of the recently studied O(N) vector-model
in 4 < d < 6 [70–73]. It vanishes for s = 1 as before.
3.4.3 Six Dimensions and Nearby
Another useful toy models are the six-dimensional φ3 theories
S =
∫
ddx
(
1
2
(∂φ)2 +
g
2
dIJKφIφJφK
)
, (3.51)
for various dIJK , see e.g. [69, 74], of which we consider two particular cases: the scalar QCD [75, 76]
S =
∫
ddx
(
1
2
(∂φ)2 +
1
2
(∂σ)2 +
g
2
φiφ
iσ
)
, (3.52)
whose β-function can be made to vanish up to g5 by adjusting the field content; also we include the
recently studied UV completion of the O(N) vector-model in 4 < d < 6 [71–73]
S =
∫
ddx
(
1
2
(∂φ)2 +
1
2
(∂σ)2 +
g1
2
φiφ
iσ +
g2
6
σ3
)
. (3.53)
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For simplicity we restrict ourselves to the non-singlet currents built out of φi. In six dimensions
we have Cσσ = Cφφ = Γ[d/2 − 1]/(4pid/2), ∆σ = ∆φ = d/2 − 1 = 2. From the computational
point of view the only difference between this model and the large-N vector-model is in that the
normalization of the σ-field is that of the free field. Therefore, we can directly use (3.49) at d = 6.
For the anti-symmetric O(N)-representation (the same for the symmetric) we find
γs = 2γφ
(s− 1)(s+ 4)
(s+ 1)(s+ 2)
= 12γφ
(
1
6
− 1
(s+ 1)(s+ 2)
)
, (3.54)
which is in accordance with [41, 65, 75, 76]. The anomalous dimension vanishes at s = 1 for the
current is that of the global O(N)-symmetry. The same formula applies to the 6 −  expansion of
(3.53) and to (3.52) at 6d.
3.5 HS Algebra Interpretation
Below we vaguely argue how the anomalous dimension of the HS currents at one-loop order are related
to the HS algebra representation theory. Despite not having anything to do with loop integrals the
computations above reveal that the anomalous dimensions are simpler than some of the ingredients
used to derive them: the two-point functions of the HS currents almost cancel those of the non-
conservation operators yielding simple rational expressions.
Let us recall that the HS currents multiplet J =
∑
s Js forms an irreducible representation J of
the HS algebra corresponding to a free field they are built from. Therefore, the non-conservation
operator K belongs to its tensor square for the case of the 4 −  expansion, where we depart from
the free theory,
K = DJ ∈ J⊗ J (3.55)
In fact, the tensor product we need is J ⊗ J0. By definition, the generating function we found for
K can be re-expanded in terms of the Clebsh-Gordon coefficients of the HS algebra, which is (3.36).
For the case of the 6− -expansion we need instead J⊗ φ.
Another important ingredient is the kinematical factor c1 (3.21) that comes from decoupling the
divergence of the HS current inside the two-point function. This tells us that we cannot express
everything in terms of the HS algebra associated with the free boson, for which the HS currents are
strictly conserved. To get this factor right one needs the HS algebra for generalized free fields near
the unitarity bound. Such HS algebra is defined [77] as a quotient of the universal enveloping algebra
U(so(d, 2)) of the conformal algebra by certain ideal:
hs(λ) = U
( )
/Iλ , Iλ = ⊕ (C2 − C2(∆)) , (3.56)
where stands for the so(d, 2) generators TAB = −TBA and the first part of the ideal is generated
by the totally anti-symmetric bilinear T[ABTCD]. The first factor of the ideal implies that the field
is a scalar one, while the second factor fixes the value of the Casimir operator C2 to be that of the
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generalized free field of weight-∆, i.e. C2(∆) = ∆(∆ − d). We are interested in ∆ = (d − 2)/2 + .
At  = 0 one finds an additional ideal in hs(λ) and the quotient is the Eastwood-Vasiliev HS algebra
[60, 78] that corresponds to the free boson. In all the cases the correlation functions of J ’s can be
computed as HS invariants [32, 33], the same for J ⊗ J etc. as we argue in Appendix C. In addition,
the algebra (3.56) determines the actual coefficients that multiply the independent singular vectors
that enter K.
The interpretation of the large-N limit is less straightforward. The auxiliary weight-two field is
not a free one, except for d = 3 where one can think of σ as ψ¯ψ for the purpose of deriving the
Clebsh-Gordon coefficients. In generic dimension one has to take the representation that is dual to
J, which will give J˜0 of weight-two.
It would be important to reformulate the entire procedure in terms of the higher-spin symmetries
with the goal to reveal the right algebraic structure governing the HS currents subsector of Wilson-
Fisher CFT’s.
4 AdS
In this section we discuss various implications for the AdS dual HS theories that can be extracted from
the CFT results obtained above. Firstly, we reconstruct the part of the dual HS theory that produces
the required three-point functions 〈JsOO〉 or better to say the invariants Is00 (2.24). Secondly, we
discuss the expected one-loop corrections to the AdS-masses of HS fields. In Appendix C we show
how to enlarge HS theories with the duals of the multi-trace operators.
4.1 Cubic Couplings with Two Scalar Legs
The knowledge of the correlation functions of some CFT can be used to reconstruct the dual AdS
theory, see e.g. [79] for the recent study. The reconstruction approach should work at least at the
level of trees since the kinematical volume is the same on the CFT and AdS sides. For example, the
number of independent cubic vertices in AdSd+1 [80] is equal to the number of independent three-point
structures in CFTd [81]. The four-point functions of the scalar operators are fixed up to a function
of two conformally-invariant cross-ratios, which is in accordance with the quartic vertices in AdS
having a doubly infinite expansion in derivatives [82]. The explicit check up to the quartic order on
the example of the free boson vs. a subsector of the 4d HS theory was done in [82], where the crucial
observation was that the AdS exchange diagrams reproduce the contribution of the single-trace
operators to the four-point function, with the remnant corresponding to the double-trace operators
accounted for by the quartic contact vertices.
One can start with a given free CFT, compute the three-point invariant Is00 (2.24) and manu-
facture the interaction vertex in AdS as to reproduce the correlation functions of that CFT. In the
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case of the 〈JsO∆O∆〉 correlator the relevant part of the bulk action is
S =
∑
s
∫
1
2
[
Φm(s)(−m2s)Φm(s) + ...
]
+
∑
s
gs
∫
Φm(s)J
m(s) = S0 + S1 , (4.1)
m2s>0 = Λ[(d+ s− 2)(s− 2)− s] , m20 = ∆(∆− d) , (4.2)
where we truncated the Fronsdal action to its Klein-Gordon part since it is well-known. The first
part makes the free action S0, while the second one makes the interactions S1. The interaction is
due to the currents Jm(s) that the HS fields couple to. The currents are built of the scalar field Φ0
that is a part of the HS multiplet and is included in (4.1) as s = 0. The form of the current can be
changed by adding improvements
Jm(s) = Φ0(x)
(←→∇ m)s Φ0(x) +O(gmm,Λ) , (4.3)
where we drop the terms with the AdSd+1 metric gmm and cosmological constant Λ since the
boundary-to-bulk propagator for the HS fields [83] is naturally traceless. For the purpose of com-
puting the simplest Witten diagram  we can pass to the simplified interaction:∫
Φm(s)J
m(s) ∼
∫
Φm(s)∇m(s)Φ0Φ0 . (4.4)
Therefore, the part of the cubic action that is responsible for 〈JsO∆O∆〉 is:
S =
∑
s
∫
1
2
[
Φm(s)(−m2s)Φm(s) + ...
]
+
∑
s
gs
∫
Φm(s)∇m(s)Φ0Φ0 . (4.5)
The only information needed from the AdS side is the coefficient of the standard three-point
function 〈JsO∆O∆〉 (2.13) that is produced from the standard bulk vertex, which was done in [84]
with the result∫
Φm(s)∇m(s)Φ0Φ0 = b˜s00 × 〈JsO∆O∆〉 , (4.6)
b˜s00 =
2−5+2spi−d/2(−3 + d+ 2s)Γ [−1 + d
2
+ s
]3
Γ[−3 + d+ s]Γ[−1 + s+ ∆]2
Γ[−2 + d+ 2s]2Γ[∆]2 , (4.7)
which corresponds to the unit normalization of the two-point functions [84]. Therefore, gsb˜s00 should
exactly match the CFT invariant Is00 (2.24). For the cases of the free boson and fermion we find:
boson : gBs =
1√
N
pi
d−3
4 2
1
2
(3d+s−1)Γ
(
d−1
2
)
Γ(d+ s− 3)
√
Γ
(
d−1
2
+ s
)
Γ(s+ 1)
, (4.8)
fermion : gFs = g
B
s
s
(d+ s− 3) . (4.9)
Because of the relation between gB and gF displayed in the last line the duals of the free boson and
free fermion are different for d 6= 3 and should be one and the same HS theory for d = 3. It is quite
remarkable that the difference between the correlation functions in the two CFT’s is compensated
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by the difference of the same bulk integral with different boundary conditions. The case of the free
boson was considered in [82]. At d = 3 the coupling has an especially simple form:
gBs
∣∣∣
d=3
= gFs
∣∣∣
d=3
=
2
s+8
2√
NΓ(s)
. (4.10)
There are at least two alternative ways to achieve the same result. Firstly, one can carefully fix the
normalization of the two-point functions from the quadratic part of the bulk action, i.e. from the
Fronsdal action, as was computed by Metsaev in [85]. Secondly, the Ward identities fix the coupling
constants for the CFT three-point functions. Likewise, we can use them to fix the part of the cubic
action by studying the bulk counter-part of the Ward identities, as in [86] for s = 1. Moreover,
using the fact that the divergence of the HS field boundary-to-bulk propagator with respect to the
boundary data is a pure gauge transformation in the bulk [83], one can see that the CFT HS Ward
identities lead to the AdS HS Ward identities.
At this point it is sensible to ask what is the first test of the tree-level HS AdS/CFT that
does not immediately follow from the bulk/boundary Ward identities. Indeed, the Fronsdal gauge
transformations δΦs = ∇ξs−1 receive corrections as to make the interaction part S1 of the action
gauge invariant. For example, (4.1) is gauge invariant provided the scalar field transformations,
which are trivial at the free level δ0Φ0 = 0, get corrected as δ1Φ0 =
∑
gs∇...∇ξsΦ0. In general, the
condition for the action to be gauge-invariant to the cubic order is
δ1S0 + δ0S1 +O(g
2) = 0 ⇐⇒ D〈JJJ〉 = 〈JJ〉 . (4.11)
The left-hand side can be seen to be related to the CFT Ward identities on the right. When the
Ward identities are applied to the holographic three-point functions D〈JJJ〉 = DS1, the property of
the boundary-to-bulk propagators [83] turns DS1 into δ0S1. If δ0S1 6= 0 the correction to the gauge
transformations δ1 is needed to ensure the gauge invariance of the action. Therefore, if δ0S1 6= 0
there is a relation between S1 and S0. This is how the gauge invariance in the bulk is related to the
CFT Ward identities.
However, if δ0S1 = 0, which is the case for the abelian vertices of the type Weyl tensor cubed,
no relation between S1 and S0 follows. The number of abelian vertices should be in accordance
with the number of the CFT structures that are well-defined as distributions and obey the trivial
Ward identities, [87]. Therefore, the abelian part of S1 cannot be determined this way and makes
a nontrivial prediction. The HS Ward identities (4.11.right) capture the full structure of the HS
algebra, which is in accordance with the non-abelian vertices being fixed in terms of the HS algebra
structure constants as in [88–95].
It seems that one can fix the complete cubic action of the 4d HS theory by employing the old
result by Metsaev [96, 97]. Namely, the most general ansatz for the 4d cubic vertices [98] in flat space
was taken in [96, 97] and the closure of the Poincare algebra at the quartic order was studied. It was
found that all the cubic couplings are fixed in terms of a single coupling constant with the result:
gs1,s2,s3 ∼
1
Γ[s1 + s2 + s3]
, (4.12)
25
where we display the important part of the spin dependence. Remarkably, gs1,s2,s3 agrees with gs
obtained above for s2 = s3 = 0. The rationale for why the same formula is expected to work in AdS4
is as follows. The interactions of HS fields contain higher derivatives which are accompanied by
negative powers of the cosmological constant — the crucial part of the Fradkin-Vasiliev mechanism
[88, 99], which is at the heart of the common belief that no sensible flat limit exists for HS theories.
However, the flat limit exists for cubic vertices [100] — in such a limit only the highest derivative
terms survive and go over into the vertices classified by Metsaev in flat space [80, 101]. The flat
limit of the quartic vertex should reveal some non-localities and indeed those are present in [96, 97].
Therefore, not only the cubic formula (4.12) should work but there can be a meaningful flat limit of
the HS theory with some mild non-localities present.
4.2 AdS Masses at One Loop
Despite some mild pathologies present in 4−  expansion of the Wilson-Fisher (WF) CFT whenever
the space dimension is non-integer [102], the physical observables are well-defined. The very existence
of the 4− approach suggests that the dual HS theory might be defined in AdS5−. In principle, there
exist d-dimensional Vasiliev equations [60] at any integer d. They are difficult to define at fractional
space-time dimension due to the HS algebra that is built in. One can expect that whenever some
observable can be scalarized it then can easily be extended to any d. The duality between WF4−
and the HS theory in AdS5− is complementary to the Klebanov-Polyakov conjecture that deals with
the large-N expansion.
In case the bulk counterpart of the quantum HS symmetry breaking is in accordance with [34]
the one-loop anomalous dimensions re-derived above with the help of the broken HS symmetry can
be used to predict the corrections to the AdS5 masses of HS fields:
δm2s = −2(s− 2)+ 22γφ
(
1− 6
s(s+ 1)
)
, (4.13)
where the first term is just the -expansion of the Fronsdal field’s mass (4.2). Similar prediction
within the 1/N -duality was given by Ruhl in [103] for the AdS4/CFT3 duality:
δm2s = 4γφ(s− 2) , γs
∣∣∣
d=3
= 4γφ
(s− 2)
(2s− 1) , γφ
∣∣∣
d=3
=
4
3pi2
. (4.14)
Borrowing the result by Ruhl and Lang [4, 104] on anomalous dimensions of the HS currents in any
dimension d, which can be simplified to
γs =
8γφ
(d+ 2s− 4)(d+ 2s− 2)
(
(d+ s− 2)(s− 1)− Γ[d+ 1]Γ[s+ 1]
2(d− 1)Γ[d+ s− 3]
)
, (4.15)
one expects to find at one-loop for the mass shift of AdSd+1 HS fields:
δm2s = (d+ 2s− 4)γs . (4.16)
Note that there are two types of contributions to the anomalous dimensions: one is exactly the same
as for the non-singlet currents (3.50) and another one comes in the Feynman diagrams language
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from the additional diagrams where the indices can form closed loops, which are absent for the non-
singlet case. In other words [105] first term comes from the σ-exchange while the second receives
contributions from the sea of the HS currents. It would be interesting to see how such contributions
can be manufactured in AdS.
5 Conclusions
Our main conclusions are as follows. It is very likely that the presence of an at least one HS conserved
tensor in a d > 2 CFT implies that the CFT is a free one in disguise. Therefore, what makes the HS
symmetry interesting is its breaking [31, 37].
There are at least two different ways to break HS symmetries: classical and quantum, the former
is realized in Yang-Mills type theories and the latter in Wilson-Fisher CFT’s. The bulk realization of
the classical breaking is via the usual BEH mechanism and requires HS theories to be extended with
an appropriate ’matter content’. On contrary, the quantum breaking does not seem to require any
new fields to be coupled, but it has not been yet observed in detail. Knowing the one-loop anomalous
dimensions of the HS currents allows to make predictions for the corrections to the AdS-masses of
HS fields. In particular it may be instructive to extend the duality to fractional dimensions where
the 4−  Wilson-Fisher CFT is dual to HS theory in AdS5−.
The quantum breaking is realized in the CFT’s with less operators at disposal. In both the cases,
there is an exact quantum equation of motion that describes the recombination of HS currents with a
non-conservation operator. The difference is in the structure of such an operator. We have assumed
that the non-conservation equation is ∂ · J = gJJ and have used this equation to extract anomalous
dimensions of the HS currents to the lowest nontrivial order.
There is a number of obvious extensions of the present work. First of all, one can extend the
treatment of the large-N to the singlet sector as well. One can study the fermionic vector-models and
more complicated models of Yukawa type. Also, one can allow for parity-violating non-conservation
operators as in [35, 37], which occurs in the Chern-Simons matter theories.
It would be important to understand what is the algebraic structure behind the quantum HS
symmetry breaking, which should allow to avoid any Feynman diagrams computation at higher
orders.
Given a CFT one can attempt to manufacture the AdS vertices as to reproduce the given cor-
relation functions. The success story in the case of the free 3d scalar vs. a subsector of the 4d HS
theory up to some of the quartic vertices is in [82, 106]. The reconstruction approach raises at least
two questions. First, does it work for any CFT, even such as free CFT’s? Second, more specific, is
the dual of the free boson the same HS theory that solves the Noether procedure for HS fields? The
independent check from the bulk side of the reconstruction approach would be important. It is pos-
sible to fix certain parts of the HS theory action directly on the AdS side [88–94]. In all known cases
the coupling constants are related to the HS algebra in a simple way. Moreover, the bulk/boundary
Ward identities arguments show that such results are not independent from the CFT. The nontrivial
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test at the cubic level should come from the abelian part of the vertices.
Acknowledgments
I would like to thank Alexander Manashov and John Gracey for correspondence. I am indebted
to Alexander Manashov, Ruslan Metsaev, Dmitry Ponomarev, Charlotte Sleight, Arkady Tseytlin
and Sasha Zhiboedov for the very useful discussions and comments and to Dmitry Ponomarev for
proofreading. I also would like to thank the organizers of the 3rd Higher-Spins and Holography
conference, Moscow, Russia and International Workshop on Higher Spin Gauge Theories, Singapore,
where some of these results were reported. I am also grateful to the organizers of the School and
Workshop on Higher Spins, Strings and Dualities at Quintay, December 7-18, 2015, Chile for the
warm hospitality during the final stage of this work, which was supported by Conicyt grant DPI
20140115. The research was supported in parts by the RFBR Grant No 14-02-01172. This work was
supported by the DFG Transregional Collaborative Research Centre TRR 33 and the DFG cluster
of excellence ”Origin and Structure of the Universe”.
A Two- and Three-point functions, Thomas derivative
As is well-known, see e.g. [42], the two- and three-point functions are fixed by conformal symmetry
up to few numbers. For the 〈00〉, 〈ss〉, 〈000〉 and 〈s00〉 cases there is a unique conformally-invariant
structure and the ambiguity is in overall factor only, which we omit:
〈O∆(x1)O∆(x2)〉 = 1
(x212)
∆
, (A.1)
〈Oa(s)∆ (x1)Ob(s)∆ (x2)〉 =
1
(x212)
∆
(
P ab...P ab − traces) , (A.2)
〈O∆1(x1)O∆2(x2)O∆3(x3)〉 =
1
(x212)
∆1+∆2−∆3
2 (x223)
∆2+∆3−∆1
2 (x213)
∆1+∆3−∆2
2
, (A.3)
〈Oa(s)∆1 (x1)O∆2(x2)O∆3(x3)〉 =
(
Qa...Qa − traces)〈O∆1(x1)O∆2(x2)O∆3(x3)〉(x212x213x223
) s
2
, (A.4)
P ab = Iab(x12) , Iab(x) = δab − 2xaxb
x2
, (A.5)
Qa =
(
xa21
x221
− x
a
31
x231
)
. (A.6)
Throughout the text we use the structures above as the standard ones. Since the primary operators
have to be traceless tensors we need either to impose the trace projector explicitly or consistently
work on the space of all tensors modulo pure traces. The second option is more appealing and can
be implemented by contracting all tensor indices with a light-like polarization vectors ξa, ξaξa = 0,
which takes away the traces:
P = P abξ1aξ
2
b , Q = Q
aξ1a , (A.7)
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and in the most of the cases we can employ a single polarization vector, ξ1,2 = ξ.
The price to pay is that in order to release an index one needs to use the Thomas derivative, which
is an operator that preserves the equivalence relation f(ξ) ∼ f(ξ) + ξ2g(ξ), i.e. da(ξ2f(ξ)) = O(ξ2).
It was obtained in [50] and by Thomas [107], see also [81]:
da =
(
d
2
− 1 + ξm∂ξm
)
∂ξa −
1
2
ξa∆
ξ . (A.8)
In order to check the conservation of a HS current we need to combine the usual derivative with the
Thomas operator:
DO(x; ξ) =
∂
∂xa
daO(x; ξ) . (A.9)
B Models
Below we briefly summarize the definitions and the lowest order results for the models that we
consider in the main text.
B.1 Wilson-Fisher 4− 
The famous Wilson-Fisher model [1] is defined by the following action:
S =
∫
ddx
[
(∂φ)2 +
gµ
4
(φ2)2
]
. (B.1)
The one-loop results [68] for the β-function and anomalous dimensions of the operators φ and φ2 are:
β = −g + (N + 8) g
2
8pi2
, g∗ =
8pi2
N + 8
 , (B.2)
γφ =
N + 2
4(N + 8)2
2 , ∆φ =
d
2
− 1 + γφ , (B.3)
γφ2 =
N + 2
N + 8
 , ∆φ = d− 2 + γφ2 , (B.4)
and one has to replace d with d − . The anomalous dimensions of the HS currents have been
computed in [68, 69] and we quote them in the main text.
B.2 Large-N Vector-Model
The large-N expansion is obtained by introducing the Hubbard-Stratanovich field into (B.1):
S =
∫
ddx
(
1
2
(∂φ)2 +
1
2
σφ2 − 3N
2g
σ2
)
. (B.5)
The two-point function of the spin field φi is that of the free field, while the two-point function of
the auxiliary field σ to the leading order is
〈σ(x1)σ(x2)〉 = Cσσ
(x212)
2
, Cσσ =
2d+2 sin
(
pid
2
)
Γ
(
d−1
2
)
pi3/2Γ
(
d
2
− 2) . (B.6)
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The leading 1/N corrections to the dimension of φ and σ [2–4, 104, 108, 109] are
∆φ =
d
2
− 1 + 1
N
γφ +O
(
1
N2
)
, γφ =
2 sin
(
pid
2
)
Γ(d− 2)
piΓ
(
d
2
+ 1
)
Γ
(
d
2
− 2) , (B.7)
∆σ = 2 +
1
N
γσ +O
(
1
N2
)
, γσ =
4(d− 2)(d− 2)
(d− 4) γφ . (B.8)
The anomalous dimensions for the HS currents are known to the leading order only for the singlet
sector [4, 104] and to 1/N2 for the non-singlets [110]. In the main text we use φi = g?σφi, where
g? = 1.
C Duals of the Multi-Trace Operators
The Vasiliev HS theories consists of the gauge fields plus a number of scalar/fermions that belong
to the same HS algebra multiplet as the graviton and genuine HS gauge fields. There are several
reasons to discuss how to extend these HS theories with matter-like fields: making contact with string
theory, whose spectrum is by far larger than the spectrum of any of the HS theories — constant vs.
exponential growth of the number of states; understanding the classical breaking of HS symmetries.
It turns out that one can easily extend the Vasiliev HS theories with the fields that are dual to
multi-trace operators. This works at least to the lowest order. HS theories can always be thought
of as the duals of some free CFT’s. In the latter case there is a free field φ that corresponds
to a representation, say S, of the conformal algebra. Then, the HS algebra is the algebra of all
endomorphisms of S, i.e. S⊗S∗. The single-trace operators correspond to S⊗S. As was illustrated
above S ⊗ S contains an infinite number of HS currents. In the AdS4/CFT3 case the HS algebra is
the algebra of functions in two pairs of operators obeying canonical commutation relations [111]
[Y A, Y B] = 2iCAB , A,B, ... = 1, ..., 4 . (C.1)
Formally, S ⊗ S and S ⊗ S∗ are isomorphic as vector spaces and one can embed the duals of the
single-trace operators into the HS algebra, which leads to the twisted-adjoint action [23]
dC = ω ? C − C ? pi(ω) , (C.2)
where ω is a connection of the HS algebra and pi is induced by the auto-morphism that flips the sign
of the AdS-translation (in the CFT it exchanges translations and inversions).
Multi-trace operators are given by higher products (S ⊗ S)k and it is possible to embed them
into (S⊗S∗)k. To add the duals of multi-trace operators one just needs to take several copies of the
same oscillators
[Y Am , Y
B
n ] = 2iC
ABδmn n,m = 1, ..., k . (C.3)
Multiple copies of the HS algebra oscillators naturally show up when studying the conformal HS fields
in generalized space-times as in [112, 113]. The equations for the duals of the multi-trace operators
30
are
dCk = ω ? Ck − Ck ? pi(ω) , (C.4)
where ω acts on Ck as on the tensor product. Such equation describes the coupling between gauge
HS fields and the duals of multi-trace operators to the lowest order. Higher-trace operators are dual
to massive fields as the higher tensor products decompose into long representations [47].
The lowest component in the order-k multi-trace tower is the dual of (φ2)k-type operators, which
has to have the conformal weight ∆k = k(d−2), i.e. k in d = 3. This can be easily seen by repeating
the derivation of the boundary-to-bulk propagators in [33]. In particular, the correlation functions
in the free theory can be reproduced as HS invariants, which immediately follows from [33]. Such
invariants are needed to reproduce the correlation functions of double-trace operators JJ from the
HS algebra perspective.
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